Published by Institute of Physics Publishing for SISSA Received: April 21, 2005 Revised: September 19, 2005 Accepted: September 27, 2005 Published: October 11, 2005

The disc amplitude of the Dijkgraaf-Vafa theory: 1/N expansion vs. complex curve analysis

Shogo Aoyama

Department of Physics, Shizuoka University Ohya 836, Shizuoka, Japan E-mail: spsaoya@ipc.shizuoka.ac.jp

Abstract: According to Dijkgraaf and Vafa the effective glueball superpotential of the N = 1 supersymmetric QCD coupled with an adjoint chiral multiplet is given by the planar amplitude in the 1/N expansion of a matrix model. It was shown that, when the N = 1 supersymmetric QCD is coupled with fundamental chiral multiplets as well, the effective glueball superpotential is modified by the disc amplitude of the generalized matrix model. The diagramatic computation of this disc amplitude is fairly involved for the multi-cut solution. Instead we compute it with recourse to the complex analysis of the hyperelliptic curve. The result is given in series of the gluino condensation S_i. The explicit computation for the generic multi-cut solution is done up to order S^3. It is systematic so that it can be extended to higher orders.

Keywords: Matrix Models, Nonperturbative Effects, Supersymmetric Effective Theories, 1/N Expansion.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep102005032 /jhep102005032 .pdf

Contents

1. Introduction 1

2. A short review on the DV theory 2

3. The 1-cut solution 4

4. The 2-cut solution 5

5. The n-cut solution 8

6. Complex curve for the matrix model and the N = 1 supersymmetric QCD 12

7. Conclusions 14

1. Introduction

Dijkgraaf and Vafa discovered a close relation between the N = 1 supersymmetric QCD and a matrix model. They claimed that the glueball superpotential of the N = 1 supersymmetric QCD coupled with an adjoint chiral multiplet can be computed by the^1_N expansion of an associated matrix model [1, 2]. It was confirmed by subsequent works by many people. The effective theory of the N = 1 supersymmetric QCD given by such a glueball superptential is called the Dijkgraaf-Vafa (DV) theory. In [1] they developed a remarkable technique to compute the planar diagram amplitude of the matrix model. Namely the computation, which was normally done by the perturbative sum of the planar diagrams, was equivalently replaced by the analysis of the hyperelliptic curve on the Riemann surface. This revealed important aspects underlying in the N = 1 supersymmetric QCD like the duality [3], the integrable hierarchy, etc, and attracted a renewed attention [4 – 6] to the Seiberg-Witten theory for the N = 2 supersymmetric QCD [7].

In [8 – 11] the relation between the the N = 1 supersymmetric QCD and a matrix model was generalized for the case in which the N = 1 supersymmetric QCD is coupled with fundamental chiral multiplets as well. The presence of fundamental chiral multiplets modifies the glueball superpotential of the N = 1 supersymmetric QCD. It was shown that the modification can be captured by computing the planar diagrams with boundary (discs) of the matrix model which is generalized accordingly. The disc amplitude is the perturbative sum of such disc diagrams. It was computed to all orders of the gluino condensation S for the 1-cut solution [8], but merely to order S^2 for the n-cut solution [10]. The computation to higher orders for the n-cut solution is extremely involved. In this

– 1 – paper we will discuss that the disc amplitude for the n-cut solution may be computed to higher orders in a rather systematic way, if one has recourse to the complex analysis of the hyperelliptic curve. Indeed the planar amplitude for the 2-cut solution was calculated along this line to order S^3 in [12]. This calculation to order S^3 was generalized for the n-cut solution in [13] later on. Our aim of this paper is to generalize the calculation of the planar amplitude in [13] to that of the disc amplitude.

The paper is organized as follows. We give a short review on the DV theory coupled with fundamental chiral multiplets in section 2. The disc amplitude of the associated matrix model is given in terms of the (hyper)elliptic function. As a warming-up it is evaluated for the 1-cut solution in section 3. The evaluation is exact for this case. For the multi-cut solution it can be done only in series of the gluino condensation S. In section 4 the disc amplitude for the 2-cut solution is evaluated to order S^3. In section 5 this evaluation is generalized for the n-cut solution. Section 6 is devoted to shed light on the geometric structure of the DV theory which is obscure in our analysis.

2. A short review on the DV theory

We consider the N = 1 supersymmetric U(N) gauge theory with the superpotential

W (Φ, Q^I , Q̃_I ) = tr V (Φ) +

N_f�

I=1 (m_IQ̃_I Q^I + Q_I ΦQ^I ) , (2.1)

Here Φ is an adjoint chiral multiplet and Q^I (Q̃_I ) are N_f chiral multiplets in the fundamental representation. V (Φ) is a polynomial scalar potential of degree M_0 given by

V^′(x) = (x − α_1)(x − α_2) · · · (x − α_{M0} ) . (2.2)

When the U(N) gauge group symmetry is broken to Π_i U(N_i) with

�_n i=1 N_i = N, this gauge theory is described by the effective action

W_{eff} = n� i=1 N_i

∂F_2(S) ∂S_i

+ F_1(S) + 2πiτ_0 n� i=1 S_i , (2.3)

for the gluino condensation S_i. It was claimed that F_2(S) and F_1(S) are the planar and disc amplitudes in the^1_M expansion of the partition function of the associated matrix model Z = � dϕ dq^I dq̃_I exp � − 1 g_s

W (ϕ, q^I , q̃_I ) �

= exp � − � χ≤2 g^{−χ}_s F_χ (S) � . (2.4)

Here ϕ is a M × M matrix and q^I (q̃^I ) are M-dimensional vectors. W is the superpotential given by (2.1) so that the matrix model is gauge-invariant under U(M). The gluino condensation S_i is identified with the ’tHooft coupling g_sM_i, when the gauge symmetry U(M) is broken to Π_i U(M_i) with

�_n

i=1 M_i = M. The planar and disc amplitudes, respectively

– 2 – given by F_2 and F_1, are calculated by an alternative method. Namely in the limit M → ∞ we obtain the saddle point equation for the eigenvalues of ϕ distributed with density ρ(λ)

y ≡ V^′(x) − 2 � dλ ϱ(λ) x − λ + N_f�

I=1 g_s x + m_I

= 0 (2.5)

with the normalization � dλ ρ(λ) = S(= g_sM). Then the partition function (2.4) may be written as

Z = exp � − M^2 S^2 � dλ ρ(λ)V (λ) − � � dλ dλ^′ ρ(λ)ρ(λ^′) log(λ − λ^′) � −

− M S N_f�

I=1 � dλ ρ(λ) log(λ + m_I ) + O � M S �_0� �

. (2.6)

In (2.5) y is the quantum deformed force of the matrix model. For the n-cut solution with the eigenvalues spreading out along n real lines it may be given by a hyperelliptic function such that

y = (x − μ_1)(x − μ_1) · · · (x − μ_{M0−n} ) � (x − λ_1)(x − λ_2) · · · (x − λ_{2n}) . (2.7)

Comparing the polynomilal part in the expansion of (2.5) and (2.7) at x = ∞ gives the zero-points of V^′(x) as functions of μ’s and λ’s:

α_a = α_a(μ_1, . . . , μ_{M0−n} ; λ_1 . . . , λ_{2n}) , a = 1, 2, . . . , M_0 . (2.8)

The hyperelliptic function (2.7) describes a Riemann surface Σ with genus n − 1 as a double cover of the complex z-plane with cuts along the real lines [λ_{2i}, λ_{2i+1}], i = 1, . . . , n. Let P (P̃ ) be the point on the first(second) sheet at z = ∞. Denote by C_i a path from P̃ to P which passes through the ith cut [λ_{2i}, λ_{2i+1}]. The canonical homology basis of the Riemann surface Σ is given by the cicle A_i surrounding the ith cut and the dual one defined B_i = C_i −C_n. We consider the DV differential ydx defined with such a hyperelliptic function. For the n-cut solution the gluino condensation is given by

S_i = 1 4πi � A_i

ydx , i = 1, 2, . . . , n . (2.9)

This gives S_i as functions of μ’s and λ’s:

S_i = S_i(μ_1, . . . , μ_{M0−n} ; λ_1 . . . , λ_{2n}) . (2.10)

We solve (2.8) and (2.10) for μ’s and λ’s to find them as functions of α’s and S’s:

μ_κ (S_1, . . . , S_n; α_1, . . . , α_{M0} ), κ = 1, 2, . . . , M_0 − n , λ_r(S_1, . . . , S_n; α_1, . . . , α_{M0} ), r = 1, 2, . . . , 2n . (2.11)

From (2.6) the planar amplitude reads

F_2 = � dλ ρ(λ)V (λ) − � � dλ dλ^′ ρ(λ)ρ(λ^′) log(λ − λ^′) , (2.12)

– 3 – which satisfies

∂F_2 ∂S_i = 1 2 � B_i

ydx + 1 2 � C_N

ydx. (2.13)

On the other hand the disc amplitude reads

F_1 =

N_f�

I=1 � dλ ρ(λ)

�_Λ

−m_I dx λ − x = 1 2 N_f�

I=1 �_Λ

−m_I

dx[y − V^′(x)] , (2.14)

with a cut-off parameter Λ at P .

We want to calculate this disc amplitude for the n-cut solution and compare it with the result obtained by the^1_M expansion. For simplicity we shall do it simply assuming that M_0 = n.

3. The 1-cut solution

As a warming-up we start with the simplest example, i.e., the matrix model with the scalar potential

V (x) = 1 2 ξx^2 ,

which is coupled with one chiral matter multiplet. We consider the DV differential

ydx = � V^′(x)^2 − 4ξSdx ,

on the Riemann surface with one branch-cut. Note that the branch points are chosen so that (2.10) is satisfied, i.e.,

S = 1 2πi � √_{4S/ξ} √_{−4S/ξ} y dx .

The disc amplitude (2.14) is exactly calculated as

F_1(S) = − S 2 − 1 4α ( √ 1 − 4αS − 1) + S log 1 + √ 1 − 4αS 2 + S log m Λ , (3.1)

with α =^1_{m2ξ} . This is in complete agreement with the result obtained by the^1_N expansion [8]. The log-term which is linear in S is a non-perturbative part and may be absorbed by the last term in the effective action (2.3). A similar calculation for the 1-cut solution was done for a variant of the matrix model in [14].

– 4 –

Figure 1: The Feynman diagrams to order S^2 corresponding to the three terms in (4.2). The solid double line and the single dashed line are propagators for ϕ and q^I respectively. The solid and dashed double line is a propagator for ghosts.

4. The 2-cut solution

Next we study the matrix model in which the scalar potential is given by

V^′(x) = (x − α_1)(x − α_2) . (4.1)

In [10] they calculated Feynmann diagrams dipicted in figure 1 to find the disc amplitude to order S^2:

F_1(S) = −

N_f�

I=1 2� i=1 � S^2_i Δ_i(α)f_{iI} 1 α_{ij} − 2 2� j≠i

S_iS_j Δ_i(α)α_{ij} f_{iI} + 1 2 S^2_i Δ_i(α)f^2_{iI} � . (4.2)

Here Δ_i(α) =

�_2

j≠i α ij, fiI = mI + α i, α ij = α i − α j . In this section we shall evaluate the

formula (2.14) for the 2-cut solution to order S^3 and show that it indeed reproduces the result (4.2) to order S^2. To this end we consider the DV differential

ydx = � (x − γ_1)^2 − ρ^2_1 � (x − γ_2)^2 − ρ^2 � dx , (4.3)

on the Riemann surface with two branch-cuts [γ_1 − α_1, γ_1 + α_1] and [γ_2 − α_2, γ_2 + α_2]. Here y may be written in the form (2.5). Hence comparing the polynomial part in the expansion of (2.5) and (4.3) at x = ∞ yields the relations α_i(ρ^2, γ):

α_1 + α_2 = γ_1 + γ_2 , (4.4) (α_1 + α_2)^2 + 2α_1α_2 = γ^2_1 + γ^2 + 4γ_1γ_2 − ρ^2_1 − ρ^2 . (4.5)

With the DV differential (4.3) we will calculate the disc amplitude (2.14). A suitable technique to this end was developed for the calculation of the planar amplitude in [13]. The calculation goes following the steps:

1. evaluation of the period integrals

S_i = 1 2πi �_{γi+ρi}

γ_i−ρ_i

y dx , (4.6)

which provides explicit formulae S_i(ρ^2, γ) for gluino condensation;

– 5 –

2. inversion of the formula S_i(ρ^2, γ) which provides ρ^2_i (S, γ) in series of S_i with coefficients made out of γ_i;

3. inversion of the formulae α_i(ρ^2, γ), given by (4.4) and (4.5), which provides γ_i(ρ^2, α) in series of ρ^2_i with coefficients made out of α_i;

4. evaluation of the DV differential (4.3) in series of ρ^2_i with coefficients made out of γ_i;

5. expansion of ρ^2_i and γ_i in the above result in series of S_i with the coefficients made out of α_i by iterating the inversion formulae obtained at Step 2 and 3.

Step 1. After the shift x^′ = x − γ_1 we expand the DV differential (4.3) in series of ρ^2 as

ydx = ∞� m=0 c_mρ^{2m}_2 (x^′ + γ_{12})^{1−2m} � x^{′2} − ρ^2_1dx^′ , (4.7)

where γ_{12} = γ_1 − γ_2 and c_m =^{Γ(m− 12 )}_{m!Γ(− 12 )} . Write (x^′ + γ_{12})^{1−2m} for m ≥ 1 as (2m − 2)-ple derivative of (x^′ + γ_{12})^{−1} by γ_{12}. Then it takes the form

ydx = � (x^′ + γ_{12}) � x^{′2} − ρ^2_1 + � m≥1 c_m (2m − 2)!

ρ^{2m}_2 � ∂ ∂γ_{12}

�_{2m−2} �

x^{′2} − ρ^2_1 x^′ + γ_{12} � dx^′ . (4.8)

We integrate the DV differential of this form along the A_1-cycle surrounding the branch-cut [γ_1 − ρ_1, γ_1 + ρ_1]. We find i �_{ρ1}

−ρ_1

dx^′ (x^′ + γ_{12}) � ρ^2_1 − x^{′2} = iπ 2 γ_{12}ρ^2_1 , (4.9)

for the first piece and i �_{ρ1}

−ρ_1

dx^′ � ρ^2_1 − x^{′2} x^′ + γ_{12}

= iπ � − � γ^2_{12} − ρ^2_1 + γ_{12} � , (4.10)

for the second piece. Putting them together in (4.6) then we get the expression for the gluino condensation S_1

S_1 = 1 4 γ_{12}ρ^2_1 − ρ^2_1ρ^2 8γ_{12} − ρ^2_1ρ^2(ρ^2_1 + ρ^2) 32γ^3_{12}

+ O(ρ^8) . (4.11)

Similarly we get for the gluino condensation S_2

S_2 = − 1 4 γ_{12}ρ^2 + ρ^2_1ρ^2 8γ_{12} + ρ^2_1ρ^2(ρ^2_1 + ρ^2) 32γ^3_{12}

+ O(ρ^8) . (4.12)

Step 2. Inverting the relations (4.11) and (4.12) we obtain

ρ^2_1 =

4S_1 γ_{12} − 8S_1S_2 γ^4_{12} − 24S_1S_2(S_1 − S_2) γ^7_{12}

+ O(S^4) , (4.13)

ρ^2 = −

4S_2 γ_{12} − 8S_1S_2 γ^4_{12} − 24S_1S_2(S_1 − S_2) γ^7_{12}

+ O(S^4) . (4.14)

– 6 –

Step 3. Inverting the relations (4.4) and (4.5) we obtain

γ_1 = 1 2 (α_1 + α_2) + 1 2 � (α_1 − α_2)^2 − 2(ρ^2_1 + ρ^2) ,

= α_1 − ρ^2_1 + ρ^2 2α_{12} − (ρ^2_1 + ρ^2)^2 4α^3_{12}

+ O(ρ^6), (4.15)

γ_2 = 1 2 (α_1 + α_2) − 1 2 � (α_1 − α_2)^2 − 2(ρ^2_1 + ρ^2)

= α_2 + ρ^2_1 + ρ^2 2α_{12} + (ρ^2_1 + ρ^2)^2 4α^3_{12}

+ O(ρ^6) . (4.16)

Step 4. We expand the DV differential (4.8) in series of ρ^2_1 as well.

ydx = � V^′(x) − γ_{12} 2 � ρ^2_1 x^′ − ρ^2 x^′ + γ_{12} � − 1 8 � ρ^4_1 x^{′2} + ρ^4_2 (x^′ + γ_{12})^2 � − − γ_{12} 8 � ρ^4_1 x^{′3} − ρ^4_2 (x^′ + γ_{12})^3 � + ρ^2_1ρ^2 4γ_{12} � 1 x^′ − 1 x^′ + γ_{12} � − − 1 16 � ρ^6_1 x^{′4} + ρ^6_2 (x^′ + γ_{12})^4 � − γ_{12} 16 � ρ^6_1 x^{′5} − ρ^6_2 (x^′ + γ_{12})^5 � + + 1 16γ_{12} � ρ^4_1ρ^2 x^{′3} − ρ^2_1ρ^4_2 (x^′ + γ_{12})^3 � − 1 16γ^2_{12} � ρ^4_1ρ^2 x^{′2} + ρ^2_1ρ^4_2 (x^′ + γ_{12})^2 � + + ρ^2_1ρ^2(ρ^2_1 + ρ^2) 16γ^3_{12} � 1 x^′ − 1 x^′ + γ_{12} � + O(ρ^8) � dx^′ . (4.17)

Here V^′(x) is given by

V^′(x) = x^{′2} + γ_{12}x^′ − 1 2 (ρ^2_1 + ρ^2) ,

which is nothing but the potential (4.1) owing to (4.4) and (4.5). After shifting the variable x^′ back to x we write (4.17) expressing ρ^2_i and γ_i in terms S_i and α_i with recourse to (4.13)–(4.16). In particular the terms of order ρ^2 and ρ^4 in (4.17) read

γ_{12} 2 ( ρ^2_1 x^′ − ρ^2 x^′ + γ_{12}

) = 2 � S_1 − 2 α^3_{12}

S_1S_2 − 30 α^6_{12}

S_1S_2(S_1 − S_2) � 1 x − α_1 + +2 � S_2 + 2 α^3_{12}

S_1S_2 + 30 α^6_{12}

S_1S_2(S_1 − S_2) � 1 x − α_2 − −4 � 1 α^2_{12}

S_1(S_1−S_2) + 2 α^5_{12}

S_1(3S^2_1 − 9S_1S_2 + 4S^2 ) � 1 (x−α_1)^2 + +4 � 1 α^2_{12}

S_2(S_1−S_2) + 2 α^5_{12}

S_2(4S^2_1 − 9S_1S_2 + 3S^2 ) � 1 (x−α_2)^2 + + 8 α^4_{12}

S_1(S_1 − S_2)^2 (x − α_1)^3 + 8 α^4_{12}

S_2(S_1 − S_2)^2

(x − α_2)^3 ,

– 7 –

1 8 � ρ^4_1 x^{′2} + ρ^4_2 (x^′ + γ_{12})^2 � = 2 � S^2_1 α^2_{12} + 4 α^5_{12}

S_1(2S^2_1 − 3S_1S_2) � 1 (x − α_1)^2 + +2 � S^2 α^2_{12} + 4 α^5_{12}

S_2(3S_1S_2 − 2S^2 ) � 1 (x − α_2)^2 − − 8 α^4_{12}

S^2_1 (S_1 − S_2) (x − α_1)^3 + 8 α^4_{12}

S_2(S_1 − S_2) (x − α_2)^3 , γ_{12} 8 � ρ^4_1 x^{′3} − ρ^4_2 (x^′ + γ_{12})^3 � = 2 � S^2_1 α_{12} + 4 α^4_{12}

S^2_1 (S_1 − 2S_2) � 1 (x − α_1)^3 − −2 � S^2 α_{12} + 4 α^4_{12}

S^2 (2S_1 − S_2) � 1 (x − α_2)^3 − − 12 α^3_{12}

S^2_1 (S_1 − S_2) (x − α_1)^4 − 12 α^3_{12}

S^2 (S_1 − S_2) (x − α_2)^4 , ρ^2_1ρ^2 4γ_{12} � 1 x^′ − 1 x^′ + γ_{12} � = −4 � S_1S_2 α^3_{12} + 14 α^6_{12}

S_1S_2(S_1 − S_2) � 1 x − α_1 − 1 x − α_2 � + + 8 α^5_{12}

S_1S_2(S_1 − S_2) � 1 (x − α_1)^2 + 1 (x − α_2)^2 � . With these the disc amplitude (2.14) is evaluated as

F_1(S) = −

N_f�

I=1 � −S_1 log m_I + α_1 Λ − S_2 log m_I + α_2 Λ + + � 1 α^2_{12}

(S^2_1 − 2S_1S_2) + 2 α^5_{12}

(2S^3_1 − 9S^2_1 S_2 + 6S_1S^2 ) � 1 m_I + α_1 + + � 1 α^2_{12}

(S^2 − 2S_1S_2) − 2 α^5_{12}

(2S^3_2 − 9S^2_1 S_2 + 6S^2_1 S_2) � 1 m_I + α_2 + + � S^2_1 2α_{12} + 1 α^4_{12}

(2S^3_1 − 5S^2_1 S_2 + 2S_1S^2 ) � 1 (m_I + α_1)^2 + + � − S^2_1 2α_{12} + 1 α^4_{12}

(2S^3_2 − 5S_1S^2 + 2S^2_1 S_2) � 1 (m_I + α_2)^2 + + 2 3α^3_{12} � (2S^3_1 − 3S^2_1 S_2) 1 (m_I + α_1)^3

− (2S^3_2 − 3S_1S^2 ) 1 (m_I + α_2)^3 � + + 1 2α^2_{12} � S^3_1 (m_I + α_1)^4 + S^3_2 (m_I + α_2)^4 � + O(S^4) � . (4.18)

The log-terms linear in S is a non-perturbative part which may be absorbed by the last term in the effective action (2.3). The terms of order S^2 are in complete agreement with the result (4.2) by the^1_N expansion.

5. The n-cut solution

We shall generalize the calculation for the 2-cut solution to that of the n-cut solution. That is, taking the matrix model in which the scalar potential is given by

V^′(x) = (x − α_1)(x − α_2) · · · (x − α_n) . (5.1)

– 8 – we consider the DV differential

ydx = � �^n� i=1 � (x − γ_i)^2 − ρ^2_i � dx , (5.2)

on the Riemann surface with n branch-cuts. Again we calculate the disc amplitude following Step 1 to Step 5.

Step 1 and Step 2. The inversion formula ρ^2_i (S, γ) was given in the expansion form [13]

ρ^2_i =

4S_i Δ_i(γ) � 1 − 1 2Δ_i(γ) � j≠k j,k≠i

S_i γ_{ij} γ_{ik} + 2 � j≠i

S_j γ^2_{ij}Δ_j (γ) � + O(S^3) , (5.3)

in which

Δ_i(γ) = n� i≠j

γ_{ij} , γ_{ij} = γ_i − γ_j .

As it will be clear, the expansion up to order S^2 is sufficient for the calculation of the disc amplitude to order S^3.

Step 3. We expand y, given by (2.5) and (5.2), at x = ∞. Comparing the polynomial part of both expansions yields [13] 2 n� i=1 α^l_i = n� i=1 � (γ_i + ρ_i)^l + (γ_i − ρ_i)^l � , 1 ≤ l ≤ n . (5.4)

We shall express γ_i in terms of ρ and α by solving this set of equations recursively. First of all expand (5.4) in series of ρ^2 as n� i=1 α^l_i = n� i=1 � γ^l_i + � l 2 � γ^{l−2}_i ρ^2_i + � l 4 � γ^{l−4}_i ρ^4_i + O(ρ^6) � . (5.5)

Assume that γ_i is further expanded in the form

γ_i = α_i + σ^{(2)}_i + σ^{(4)}_i + O(ρ^6) , (5.6)

with σ^{(n)}_i the term of order ρ^n. Putting this in (5.5) we get the recursion relations for σ^{(n)}_i n� i=1 � α^{l−1}_i σ^{(2)}_i + 1 2 (l − 1)α^{l−2}_i ρ^2_i � = 0 , (5.7) n� i=1 � α^{l−1}_i σ^{(4)}_i + 1 2 (l − 1)α^{l−2}_i (σ^{(2)}_i )^2 + 1 2 (l − 1)(l − 2)α^{l−3}_i σ^{(2)}_i ρ^2_i + + 1 4! (l − 1)(l − 2)(l − 3)α^{l−4}_i ρ^4_i � = 0 , (5.8)

– 9 – and so on. Note that the identity

P^{[i]}(α_j ) Δ_i(α)

= δ_{ij} , (5.9)

for the quantity

P^{[i]}(x) =

V^′(x) x − α_i = n� l≠i

(x − α_l) . (5.10)

Using the expansion

P^{[i]}(x) = n� l=1 c^{[i]}_l (α)x^{l−1} ,

(5.9) becomes 1 Δ_i(α) n� l=1 c^{[i]}_l (α)α^{l−1}_j = δ_{ij} .

By means of this identity the recursion relations (5.7) and (5.8) can be solved for σ^{(n)}_i as

σ^{(2)}_i = − 1 2Δ_i(α) n� j=1 P^{[i]′}(α_j )ρ^2_j , (5.11)

σ^{(4)}_i = − 1 2Δ_i(α) n� j=1 P^{[i]′}(α_j )(σ^{(2)}_i )^2 − 1 2Δ_i(α) n� j=1 P^{[i]′′}(α_j )σ^{(2)}_i ρ^2_j −

− 1 24Δ_i(α) n� j=1 P^{[i]′′′}(α_j )ρ^4_j . (5.12)

Here P^{[i]′}(x), P^{[i]′′}(x), P^{[i]′′′}(x) are derivatives of the quantity (5.10) with respect to x. Putting (5.11) and (5.12) in (5.6) we obtain the formula generalizing (4.15) and (4.16) for the n-cut solution.

Step 4. Expanding y given by the DV differential (5.2) in series of ρ^2 we get

y = − n� i=1 � 1 2 ρ^2_i x − γ_i + 1 8 ρ^4_i (x − γ_i)^3 + 1 16 ρ^6_i (x − γ_i)^5 � P̃^{[i]}(x) +

+ n� i≠j � 1 8 ρ^2_i ρ^2_j (x − γ_i)(x − γ_j ) + 1 16 ρ^2_i ρ^4_j (x − γ_i)(x − γ_j )^3 � P̃^{[ij]}(x) −

− 1 48 n� i≠j≠k

ρ^2_i ρ^2_j ρ^2_k (x − γ_i)(x − γ_j )(x − γ_k)

P̃^{[ijk]}(x) + O(ρ^8) , (5.13)

with

P̃^{[i]}(x) = n� l≠i

(x − γ_l) , P̃^{[ij]}(x) = n� l≠i,j

(x − γ_l) ,

P̃^{[ijk]}(x) =^n � l≠i,j,k

(x − γ_l) .

– 10 –

When P̃^{[i]}(x), P̃^{[ij]}(x) and P̃^{[ijk]}(x) are expanded at x = γ_i, γ_j , γ_k in Taylor series, it takes the form

y = V^′(x) + 5� ν=1 n� i=1 a_{νi}(ρ^2, γ) (x − γ_i)^ν

+ O(ρ^8) ,

with

a_{1i}(ρ^2, γ) = − ρ^6_i 384 P̃^{[i]′′′′}(γ_i) − ρ^{4i} 16 P̃^{[i]′′}(γ_i) − ρ^{2i} 2 P̃^{[i]}(γ_i) + + n� j≠i � − ρ^4_i ρ^2_j 16γ^2_{ij}

P̃^{[ij]′}(γ_i) + ρ^{4i} ρ^{2j} 32γ_{ij}

P̃^{[ij]′′}(γ_i) +

+ ρ^2_i ρ^2_j (ρ^2_i + ρ^2_j ) 16γ^3_{ij}

P̃^{[ij]}(γ_i) + ρ^{2i} ρ^{2j} 4γ_{ij}

P̃^{[ij]}(γ_i) � − − n� j≠k j,k≠i

ρ^2_i ρ^2_j ρ^2_k 24 � 1 γ_{ij} γ_{ik} + 1 γ_{ij}γ_{jk} � P̃^{[ijk]}(γ_i) , (5.14)

a_{2i}(ρ^2, γ) = − ρ^6_i 96 P̃^{[i]′′′}(γ_i) − ρ^{4i} 8 P̃^{[i]′}(γ_i) −^n � j≠i

ρ^4_i ρ^2_j 16γ^2_{ij}

P̃^{[ij]}(γ_i) +^n � j≠i

ρ^4_i ρ^2_j 16γ_{ij}

P̃^{[ij]′}(γ_i) ,

a_{3i}(ρ^2, γ) = − ρ^6_i 32 P̃^{[i]′′}(γ_i) − ρ^{4i} 8 P̃^{[i]}(γ_i) + n� j≠i

ρ^4_i ρ^2_j 16γ_{ij}

P̃^{[ij]}(γ_i) ,

a_{4i}(ρ^2, γ) = − ρ^6_i 16 P̃^{[i]′}(γ_i) ,

a_{5i}(ρ^2, γ) = − ρ^6_i 16 P̃^{[i]}(γ_i) .

The polynomial part V^′(x) was determined by the fact that y given by (5.13) may be written in the form (2.5) as well.

Step 5. Finally we use the inversion formulae for ρ^2_i and γ_i, given by (5.3) and (5.6) respectively, to find y in the form to order S^3

y = V^′(x) + 5� ν=1 n� i=1 b_{νi}(S) (x − α_i)^ν

+ O(S^4) , (5.15)

with

b_{1i}(S) = −2S_i ,

b_{2i}(S) = n� j≠i � 2S^2_i − 4S_iS_j Δ_i(α)α_{ij} + 4 S^3_i − 6S^2_i S_j + 3S_iS^2_j Δ_i(α)^2α^3_{ij} − 4 S^3_i − 3S^2_i S_j + 3S_iS^2_j Δ_i(α)Δ_j (α)α^3_{ij} � +

+ n� j≠k j,k≠i � 4 S^3_i − 8S^2_i S_j + S_iS^2_j + 2S^2_i S_k + 4S_iS_jS_k Δ_i(α)^2α^2_{ij} α_{ik} − 4 S^3_i − 4S^2_i S_j + 2S^2_i S_k Δ_i(α)Δ_j (α)α^2_{ij} α_{ik} +

+ 4 3S_iS^2_j − 4S^2_i S_j + 4S^2_i S_k − 4S_iS_jS_k Δ_i(α)Δ_j (α)α^2_{ij} α_{jk} − 4 S_iS^2_j + S_iS^2_k − 2S_iS_j S_k Δ_i(α)Δ_j (α)α_{ij} α^2_{jk} +

– 11 –

+ 8 S_iS^2_j − 2S_iS_j S_k Δ_i(α)Δ_k(α)α_{ij} α^2_{jk} − 4 S^2_i S_j + S^2_i S_k − 2S_iS_jS_k Δ_i(α)Δ_j (α)α_{ij} α_{ik}α_{jk} � +

+ n� j≠k≠l j,k,l≠i

�_2

3 S^3_i + 10S^2_i S_j − 4S^2_i S_k − 10S^2_i S_l + 4S_iS_kS_l Δ_i(α)^2α_{ij} α_{ik}α_{il} +

+ 2S^2_i S_j −^{16}_3 S_iS^2_j − 4S_iS_jS_k + 12S_iS_jS_l − 4S_iS_kS_l Δ_i(α)Δ_j (α)α_{ij} α_{jk}α_{jl} − − 4 S^2_i S_k − S^2_i S_l Δ_i(α)Δ_k(α)α_{ij} α_{ik}α_{kl} + 8 S_iS_jS_k − S_iS_jS_l Δ_i(α)Δ_k(α)α_{ij} α_{jk}α_{kl} � + O(S^4) ,

b_{3i}(S) = −

2S^2_i Δ_i(α) − n� j≠i � 4S_i(S_i − S_j)(S_i − 2S_j ) Δ_i(α)^2α^2_{ij} − 4S^2_i (S_i − 2S_j ) Δ_i(α)Δ_j (α)α^2_{ij} � −

− n� j≠k j,k≠i � 4S_i(S_i − S_j)(S_i − 2S_k)

Δ_i(α)^2α_{ij} α_{ik} − 4S^2_i (S_j − S_k) Δ_i(α)Δ_j (α)α_{ij} α_{jk} � + O(S^4) ,

b_{4i}(S) = n� j≠i

4S^2_i (2S_i − 3S_j ) Δ_i(α)^2α_{ij}

+ O(S^4) ,

b_{5i}(S) = −

4S^3_i Δ_i(α)^2

+ O(S^4) .

Here the coefficient b_{1i}(S) is the exact result obtained by comparing the term tending to^1_x at x = ∞ in (2.5) and (5.13). We would like to remark that the inversion formula (5.3) for ρ^2_i to order S^2 is sufficient to evaluate the other coefficients b_{νi}(S)’s to order S^3. Having explicitly known y in the expansion form (5.15) it is easy to evaluate the disc amplitude (2.14) for the n-cut solution. We then see that for n = 2 it exactly reproduces the disc amplitude given by (4.18). Moreover we note that the evaluation of (2.14) to order S^2 gives the disc amplitude (4.2) in the extended form to the generic n, which was obtained by the^1_N expansion in [10].

6. Complex curve for the matrix model and the N = 1 supersymmetric QCD In the literature it is discussed that introducing N_f chiral multiplets as (2.1) induces single pole structure on the Riemann surface Σ given below (2.8). But the formula (2.14) does not reflect any structure of the kind. The n-cut solution (2.7) determining the distribution ρ(λ) is merely the leading solution to the saddle point equation(2.5) in the^1_M expansion. That is, in solving (2.5) the pole term as well as non-planer contributions were neglected. They could contribute to F_χ , χ ≤ 1. We shall explain that nonetheless the formula (2.14) with (2.7) gives the correct formula for the disc amplitude F_1.

Beyond the leading approximation we have to use the loop equation based on the saddle point equation (2.5) [15]. A clever method [16] is to study the loop equation is to rewrite the saddle point equation (2.5) as

V^′(x, g_s) − 2 � dλ ϱ(λ, g_s) x − λ

= 0 , (6.1)

– 12 – with

V (λ, g_s) ≡ V (λ) + g_s

N_f�

I=1 log(λ + m_I ) . (6.2)

Consequently the partition function (2.6) is rewritten as

Z = exp � − 1 g^2_s � dλ ρ(λ, g_s)V (λ, g_s) − − � � dλ dλ^′ ρ(λ, g_s)ρ(λ^′, g_s) log(λ − λ^′) � . (6.3)

Using the loop equation we can compute ρ(λ, g_s) recursively as

ρ(λ, g_s) = ∞� g=0 g^{2g−2}_s ρ_g(λ, g_s) .

It is known that non-planer contributions of (6.3) add up to the effective action of the N = 1 supersymmetric QCD (2.3) as the supergravity effects [2, 17]. Since we are not interested in them in this paper, it suffices to consider the planer contribution ρ_0(λ, g_s) alone. Then the n-cut planer solution, which was previously given by (2.7), is now given by a hyperelliptic function with single poles at x = −m_I and the branch cuts [λ_{2i}(g_s), λ_{2i+1}(g_s)]. (See (3.29) in [16] for the explicit form.) That hyperelliptic function determines ρ_0(λ, g_s), with which we can compute the partition function (6.3). Expanding the result in series of g_s we find the amplitudes F_2 and F_1 in (2.4). In [16] they were computed for the one-cut planer solution along this line. They found F_1 to be in complete agreement with (3.1). It strongly supports that the calculation of F_1 by (2.14) is correct for the multi-cut solution as well. Thus it suffices to work with the simpler hyperelliptic function (2.7), unless we are interested in the amplitudes F_χ , χ ≤ 0 which modify (2.3) as the supergravity correction.

Then one may ask where the single pole structure due to the introduction of N_f chiral multiplets shows up. It does in the effective action (2.3) of the N = 1 supersymmetric QCD. To explain this we shall look into the effective action (2.3) following [11]. It can be derived with no help of the matrix model. Namely we consider the gauge invariant quantities

T (x) = tr 1 x − Φ

, R(x) = − 1 32π^2 tr W_α W^α x − Φ where W_α is the gluino chiral superfield. The effective action is obtained by solving the anomaly equations [18] for these quantities. The solution is again characterized by their analytic structures in the Riemann surface Σ given below (2.8). Namely R(x) has branch cuts along some number of real lines on the complex x-plane, say, [λ_{2i}, λ_{2i+1}], i = 1, 2, . . . , n, while T (x) has simple poles at P̃ , P, q_I with residues −N, N − N_f , 1 respectively. Here q_I , I = 1, 2, . . . , N_f is the point at x = −m_I on the first sheet. They are given by the following hyperelliptic functions

R(x) = y − V^′(x) , (6.4)

T (x) = d dx log � P (x)^2 − αB(x) − P (x) � ≡ d dx log ψ(x) , (6.5)

– 13 – with y^2 the polynomial with degree M_0 given by (2.7), P (x) a polynomial with degree N, B(x) =

�_{Nf} I (x + m_I ) and α a constant. The polynomials y^2, P (x) and B(x) are related by P (x)^2 − αB(x) = (x − λ_1)(x − λ_2) · · · (x − λ_{2n})H(x)^2 ,

with H(x) a polynomial of degree N − n. This relation guarantees that the function ψ(x) in (6.5) is single valued on Σ. By using (6.4) and (6.5) the effective action (2.3) was written in a geometrical form such that

W_{eff} = 1 2πi I(T, R) , (6.6)

with I( , ) defined by (7.21) in [11]. Thus we can see in the quantity T (x) the pole structure due to the introduction of chiral multiplets. It is worth emphasizing that this geometrical structure of the effective action has nothing to do with the^1_N expansion.

7. Conclusions

To the author’s knowledge the disc amplitude for the multi-cut solution was calculated only the diagramatic expansion in the literature. The result was merely reported to order S^2 for the generic n-cut solution [10]. The calculation to higher orders can be hardly done, because the diagramatic expansion becomes complicate as the degree of the polynomial scalar potential increases. To confront with this situation we exploited the alternative method, i.e., the complex analysis of the hyperelliptic curve. In section 4 the method was worked out to order S^3 for the disc amplitude for the 2-cut solution. Dealing with the hyperelliptic curve it is relatively easy to extend the calculation to higher orders. In section 5 the argument was generalized for the generic n-cut solution. By using a more systematic algorithm than in section 4, the disc amplitude for the n-cut solution was calculated up to order S^3. There we have given the inversion formula for γ_i to order ρ^4. We would like remark that it was sufficient to give the formula to order ρ^4 for the calculation of the planar amplitude to order S^3 [13]. It was checked that the disc amplitude thus obtained indeed reproduces the one for the 2-cut solution obtained by the^1_N expansion in [10]. The algorithm in this paper allows us to generalize the calculation of the disc amplitude for the n-cut solution to higher orders.

Finally we would like to remark that studying the expansion (5.15) of the DV differential ydx to higher orders is important not only for the computation of the amplitudes F_2 and F_1. The important ingredient of the study is the calculation of ρ_i and γ_i as (5.3) and (5.6). It amounts to finding the positions of the branch-points, carrying out the local inversion (2.11):

λ_r(S_1, . . . , S_n; α_1, . . . , α_n) , for M_0 = n , (7.1)

in sereis of S’s. We now think of perturbing the superpotential (2.1) by a monomial superpotential ΔV (Φ) = T Φ^k .

– 14 –

This induces the Whitham deformation discussed in [6] and T is called the Whitham flow parameter. Then the branch points changes the positions as

λ_r(S_1, . . . , S_n; α_1, . . . , α_n) → λ_r(S_1, . . . , S_n; α_1, . . . , α_n, T ) ,

with r = 1, 2, . . . , n. It happens that some pairs of them coincide or the expansion in S’s ceases to be convergent, as T varies with S’s fixed. The former case is a geometrical transition reducing genus of the Riemann surface Σ. On the other hand the latter indicates that the local inversion (7.1) gets no longer single valued at some value of T . It might hint at a geometrical transition increasing genus. In order to understand these geometrical transitions by the Whitham deformation it is important to study λ_r(S_1, . . . , S_n; α_1, . . . , α_n, T ) in sereis of S’s and T .

Acknowledgments

The work was supported in part by the Grant-in-Aid for Scientific Research No. 13135212.

References

[1] R. Dijkgraaf and C. Vafa, Matrix models, topological strings and supersymmetric gauge theories, Nucl. Phys. B 644 (2002) 3 [hep-th/0206255]; On geometry and matrix models, Nucl. Phys. B 644 (2002) 21 [hep-th/0207106].

[2] R. Dijkgraaf and C. Vafa, A perturbative window into non-perturbative physics,

hep-th/0208048.

[3] F. Cachazo, K.A. Intriligator and C. Vafa, A large-N duality via a geometric transition, Nucl.

Phys. B 603 (2001) 3 [hep-th/0103067].

[4] L. Chekhov and A. Mironov, Matrix models vs. Seiberg-Witten/Whitham theories, Phys. Lett.

B 552 (2003) 293 [hep-th/0209085];

H. Itoyama and A. Morozov, The Dijkgraaf-Vafa prepotential in the context of general Seiberg-Witten theory, Nucl. Phys. B 657 (2003) 53 [hep-th/0211245]; M. Matone, Seiberg-Witten duality in Dijkgraaf-Vafa theory, Nucl. Phys. B 656 (2003) 78 [hep-th/0212253];

L. Chekhov, A. Marshakov, A. Mironov and D. Vasiliev, DV and WDVV, Phys. Lett. B 562 (2003) 323 [hep-th/0301071];

T. Eguchi and Y. Sugawara, Branches of N = 1 vacua and Argyres-Douglas points, JHEP 05 (2003) 063 [hep-th/0305050];

H. Itoyama and H. Kanno, Whitham prepotential and superpotential, Nucl. Phys. B 686 (2004) 155 [hep-th/0312306].

[5] H. Itoyama and A. Morozov, Gluino-condensate (CIV-DV) prepotential from its Whitham-time derivatives, Int. J. Mod. Phys. A 18 (2003) 5889 [hep-th/0301136].

[6] S. Aoyama and T. Masuda, The Whitham deformation of the Dijkgraaf-Vafa theory, JHEP 03 (2004) 072 [hep-th/0309232].

[7] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation and confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19 [hep-th/9407087]; Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric QCD, Nucl. Phys. B 431 (1994) 484 [hep-th/9408099].

– 15 –

[8] R. Argurio, V.L. Campos, G. Ferretti and R. Heise, Exact superpotentials for theories with flavors via a matrix integral, Phys. Rev. D 67 (2003) 065005 [hep-th/0210291].

[9] R. Argurio, V.L. Campos, G. Ferretti and R. Heise, Baryonic corrections to superpotentials from perturbation theory, Phys. Lett. B 553 (2003) 332 [hep-th/0211249]; H. Suzuki, Perturbative derivation of exact superpotential for meson fields from matrix theories with one flavour, JHEP 03 (2003) 005 [hep-th/0211052]; Mean-field approach to the derivation of baryon superpotential from matrix model, JHEP 03 (2003) 036 [hep-th/0212121];

S.G. Naculich, H.J. Schnitzer and N. Wyllard, The N = 2 U(N) gauge theory prepotential and periods from a perturbative matrix model calculation, Nucl. Phys. B 651 (2003) 106 [hep-th/0211123].

[10] S.G. Naculich, H.J. Schnitzer and N. Wyllard, Matrix model approach to the N = 2 U(N) gauge theory with matter in the fundamental representation, JHEP 01 (2003) 015 [hep-th/0211254].

[11] F. Cachazo, N. Seiberg and E. Witten, Chiral rings and phases of supersymmetric gauge theories, JHEP 04 (2003) 018 [hep-th/0303207].

[12] R. Dijkgraaf, S. Gukov, V.A. Kazakov and C. Vafa, Perturbative analysis of gauged matrix models, Phys. Rev. D 68 (2003) 045007 [hep-th/0210238].

[13] H. Itoyama and A. Morozov, Calculating gluino condensate prepotential, Prog. Theor. Phys.

109 (2003) 433 [hep-th/0212032].

[14] Y. Ookouchi and Y. Watabiki, Effective superpotentials for SO/Sp with flavor from matrix models, Mod. Phys. Lett. A 18 (2003) 1113 [hep-th/0301226].

[15] J. Ambjørn, L. Chekhov, C.F. Kristjansen and Y. Makeenko, Matrix model calculations beyond the spherical limit, Nucl. Phys. B 404 (1993) 127 [hep-th/9302014], erratum ibid. 449 (1995) 681;

G. Akemann, Higher genus correlators for the hermitian matrix model with multiple cuts, Nucl. Phys. B 482 (1996) 403 [hep-th/9606004].

[16] H. Fuji and S. Mizoguchi, Gravitational corrections for supersymmetric gauge theories with flavors via matrix models, Nucl. Phys. B 698 (2004) 53 [hep-th/0405128].

[17] R. Dijkgraaf, A. Sinkovics and M. Temurhan, Matrix models and gravitational corrections, Adv. Theor. Math. Phys. 7 (2004) 1155 [hep-th/0211241];

A. Klemm, M. Marino and S. Theisen, Gravitational corrections in supersymmetric gauge theory and matrix models, JHEP 03 (2003) 051 [hep-th/0211216];

H. Ooguri and C. Vafa, The c-deformation of gluino and non-planar diagrams, Adv. Theor. Math. Phys. 7 (2003) 53 [hep-th/0302109].

[18] F. Cachazo, M.R. Douglas, N. Seiberg and E. Witten, Chiral rings and anomalies in supersymmetric gauge theory, JHEP 12 (2002) 071 [hep-th/0211170]; N. Seiberg, Adding fundamental matter to ‘chiral rings and anomalies in supersymmetric gauge theory’, JHEP 01 (2003) 061 [hep-th/0212225].

– 16 –